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Changepoint Tests Designed for the Analysis of 
Hiring Data Arising in Employment 
Discrimination Cases 
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Joseph L. GASTWIRTH 
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When a complaint of discrimination is made, an employer may respond by hiring more minorities. 
From a legal viewpoint, the practices in effect during the time period prior to the complaint are 
more relevant for determining liability than those of the postcharge period. In Gay v. Waiters, 
the trial judge observed that the data suggested that a change occurred after the charge was filed. 
Because the data had not been subject to a formal statistical analysis, the court was reluctant to base 
its decision on this observation. Gastwirth and Freidlin and Gastwirth proposed cumulative-sum- 
based procedures for the analysis of hiring data following the binomial model. In this article, the 
procedures are extended to data following the hypergeometric model and to analysis of stratified 
data. Several datasets that were submitted to the courts in the United States are analyzed by the 
proposed methods. Because the data are usually reported by year, the ordinary large-sample theory 
is not sufficiently accurate. Therefore, we obtain the p values of the statistics by simulation. For 
binomial data, recent improvements in the Bonferroni inequality are used to derive a new upper 
bound. 

KEY WORDS: Binomial data; Changepoint; Fair hiring practices; Hypergeometric data. 

After a complaint of discrimination in hiring is filed, the White (1 992), Jandhyala and MacNeill(1992), Andrews and 
employer may change its practices. By the time the trial Ploberger (1994), and Vogelsang (1 997). 
occurs, the defendant may submit hiring data showing that The data available for examining hiring practices typi- 
a protected group received its "fair share" of hiring over a cally follow either a hypergeometric or a binomial model 

time frame that includes both the precharge and postcharge (Baldus and Cole 1980; Gastwirth 1988; Finkelstein and 

periods. From a legal viewpoint the most relevant time pe- Levin 1990; Paetzold and Willborn 1994). When data on 

riod is the one just prior to a complaint (see O'Brien v. the actual applicants are available and reliable, the hyper- 

Sky Chefs. Inc. 1982). The issue of whether there has been geometric model is appropriate. When the applicant data 

a change in employment practices has occurred in several are unavailable or when fair recruitment is an issue, the 

cases (e.g., Gay v. Waiters 1982). minority share of the qualified labor force is determined 
from the census data on the members of the labor force in 

When a test procedure is being developed for a partic- the area with the relevant skills. Then the hiring data are 
ular application, one can increase its power by directing modeled by a binomial distribution. Section 1 describes pro- 
the test at a specific alternative. Agresti (1990, pp. 97-102) cedures for the binomial model, including an upper bound 
presented several examples of such procedures; Levin and for the p value of our statistics. The additional insight ob- 
Kline (1985) developed a changepoint test to detect a sud- tained from the CUSUM methods is illustrated on data from 
den increase in the proportion of chromosomally abnormal a case that settled. The p values yielded by the proposed 
abortions and a subsequent decline to the normal level. The tests were notably smaller, thereby providing more con- 
pattern of concern in the legal setting is underrepresentation vincing evidence of discrimination than a test of the data 
before the charge and a change to fair or even overhiring of over the entire period. Analogs of these CUSUM-type pro- 
minorities sometime after the charge but prior to the trial. cedures appropriate for data following the hypergeometric 
This article modifies the tests based on the cumulative sums model are given in Section 2. Their extension to the strat- 
(CUSUM's) to have more power against this alternative. In ified setting is also presented, along with a reanalysis of a 
statistical literature, changepoint methods were discussed stratified dataset from an actual case. Section 3 discusses 
by Page (1954), Chernoff and Zacks (1964), Hinkley and a recent case in which the hypergeometric model was re- 
Hinkley (1970), Pettitt (1979, 1980), Worsley (1983), Sieg- jected by a court because the applicant data were affected 
mund (1986), James, James, and Siegmund (1987), Lombard by underrecruiting. The female fraction of applicants was 

(1987), Csorgo and Horvath (1988), Bhattacharya (1 987, much lower than their availability in the labor market be- 

1994), and Brostrom (1997). Econometric applications of- 
ten involve dependent observations. Appropriate change- 
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point techniques were developed by Ploberger and Kramer Journal of Business & Economic Statistics 
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cause the recruiting process was biased. Using the court's 
availability figure, the binomial changepoint techniques of 
Section 1 strongly support the judge's decision. 

1. 	 STATISTICAL PROCEDURES FOR ANALYZING 
BINOMIAL DATA FOR CHANGEPOINT 

One approach courts use to assess hiring practices is to 
compare the fraction of minority hires over the period of 
time to their fraction, T, of the qualified labor force. Typi- 
cally, the value of T is determined from external data-for 
example, census data on persons employed in similar jobs 
in the area (Baldus and Cole 1980; Gastwirth 1988, 1997). 
Technically speaking, T is an estimate because the occupa- 
tional and related data in the Census are obtained from a 
large sample (about one in six households receives the long 
survey form). The resulting small "sampling error" in T is 
typically ignored in this application. 

When an employer hires a relatively small number, ni, 
of workers in year i from a large labor pool, the number 
xiof minority workers can be regarded as a binomial ran- 
dom variable with parameters ni and r i .  Thus, the yearly 
hires X I , .  . . ,XT may be modeled as independent binomial 
random variables with parameters xi, ni. We are testing 

Ho: 	T ~ = T ,  for i = 1 , .. . ,T against 

where 15 k < T and ni employees are hired in the ith year. 
The null hypothesis, Ho, corresponds to "fair hiring," and 
H1 corresponds to underrepresentation in the first k years. 

Gastwirth (1996) based a test for underhiring on the 
CUSUM's 

k 

Sk = (xi - for k = 1 , .. .T, (1.2) 
i=l 

which is the CUSUM of the observed minus expected hires. 
The graph of Sk for k = 1, . . . ,T helps to identify the time 
of the change if one exists. The test statistic is 

where N = ni ,  (1.3) 
i=l 

which rejects for low values of ST1. Freidlin and Gastwirth 
(1998) proposed the following test for change in hiring: 

The test based on (1.4) rejects for low values of ST:, and 
is similar to the maximally selected chi-squared statistic 
(Miller and Siegmund 1982). In equal-employment appli- 
cations, the alternative of interest has two components, (1) 
change in hiring after the charge was filed and (2) under- 
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representation before the change. Because ST1 is based on 
tests used to detect underrepresentation, whereas ST2 was 
designed to detect a changepoint, a combination of ST1 
and ST2 should have increased power against the alterna- 
tives arising in hiring cases. An investigation of several ap- 
proaches to combining ST1 and ST2 concluded that sum 
STl+ ST2 has good properties (Freidlin 1998). 

Because the data usually are only reported on a yearly 
basis, a confidence interval for the changepoint would be 
quite wide, especially since a charge must be filed within 
180 days of the alleged discriminatory act. Thus, we recom- 
mend using the CUSUM chart. Although one might simply 
compare the proportions of minority hires before and after 
the charge is filed, there can be a wide variation in the time 
when an employer may change its practices. Some employ- 
ers change their practices just after the charge is filed; others 
wait until the Equal Employment Opportunity Commission 
(EEOC) has given the plaintiff a "right to sue letter," and 
sometimes there is a change in the year before a trial. Be- 
cause employers are only required to keep records for two 
years, unless a charge is filed, the amount of precharge data 
is often considerably less than the amount of postcharge 
data. 

The standard asymptotic approximations for ST1, ST:,, 
and ST1 + ST:, were developed for individual observations 
and are not accurate for data reported by year (Freidlin and 
Gastwirth 1998), so p values of the tests should be estimated 
by simulation. Furthermore, the cumulative nature of the 
statistics Sk combined with their known correlation struc- 
ture can be used to obtain an upper bound for the p values 
of the proposed tests. This upper bound is based on a two- 
point approximation (described in the Appendix) and is an 
improvement on the Bonferroni approach (Worsley 1985; 
Efron 1997). Upper bounds are useful in the legal setting 
because issues of the accuracy of an asymptotic approxima- 
tion or simulation can no longer be raised. For the datasets 
with the upper bound slightly higher than the prescribed 
significance level-for example, .06 or .07 for a .05-level 
test-simulations should be carried out. The proposed tests 
are compared to the likelihood ratio test (Hinkley and Hink- 
ley 1970; Worsley 1983), which is modified for the model 
(1.1) as described by Freidlin and Gastwirth (1998). 

We now demonstrate the use of the procedure on data 
from a case that was settled. The p values of the tests are 
estimated empirically based on 100,000 replications. Upper 
bounds for the p values based on the two-point approxima- 
tions are also given. 

The issue in the case was whether the employer's hiring 
practices were gender neutral. The charge was filed in May 
1994. It was determined that females formed 3.43% of the 
qualified labor force (QLF); that is, n = .0343.The data are 
given in Table 1 and the CUSUM chart is given in Figure 
1. Note that the graph declines from 1991 until 1994; then 
it levels off indicating fair hiring. In 1996 the graph jumps 
dramatically, reflecting the fact that the company hired far 
more females than expected that year. 

The results of the various tests on the data in the ta- 
ble are given in Table 2. All the proposed tests are highly 



Freidlin and Gastwirth: Changepoint Tests in Employment Discrimination Cases 	 31 7 

Table 1. Yearly Hiring Data for the Case That Was Settled 

Year Total hires Female hires Expected Sk ST - Sk 

1991 429 2 14.71 -12.71 -.I7 
1992 86 0 2.95 -15.66 2.78 
1993 104 0 3.57 -19.23 6.34 
1994 180 0 6.17 -25.41 12.52 
1995 116 5 3.98 -24.38 11.50 
1996 73 14 2.50 -12.89 0 

NOTE: The "Expected" column is obtained by multiplying the total number (ni) of hires In each 
year by the female fraction (T = ,0343) of the QLF; Sk is the CUSUM of the observed minus 
expected number of female hires; ST is the diflerence between the observed and expected 
numbers of female hires over the entire period. 

significant. A defendant might ignore the change and use 
the normal form of the test ST; that is, Z = ~ ; = , ( x ~-
ni7r)/d m .This Z test for the entire period has p 
value .0116, which is not as convincing as the changepoint 
procedures. This is a result of overhiring in 1996. Because 
the change in Figure 1 occurred at the end of 1994, ana- 
lyzing the data for the 1991-1994 period with the binomial 
distribution yields an exact p value of 3.3E-10. 

The methods of this section assumed that the applicants 
in each year were independent from year to year. If some 
applicants who are not hired the first time reapply, there 
would be a slight dependence. In actual cases, the frac- 
tion of repeat applications is minimal; however, the problem 
can be resolved by introducing new strata for these appli- 
cants. One would need to use the hypergeometric model 
discussed in Section 2 for those strata. Under the null hy- 
pothesis of nondiscrimination by the defendant, assuming 
that other employers in the area were fair, the probability 
that a rejected applicant from a minority group would reap- 
ply should be the same as that of a similar majority group 
member. Thus, 7r remains minority share of all applicants. 

The focus of the methods of this article is on the analy- 
sis of one employer's practices. The issue of the fairness of 
many alternative employers is related to the more general 
question of economywide discrimination, which was dis- 
cussed by Becker (1971), Blau, Ferber, and Winkler (1997), 
and Goldin (1992). 

Table 2. The p Values of the Tests Applied 
to the Case That Was Settled 

Statistic Empirical p value Two-point p value 

ST1 <.0001 7.7E-8 
ST2 <.0001 1 .8E-1 0 
ST1 + ST2 <.0001 7.9E-13 
LR <.0001 
Z test ,0116 

NOTE: Empirical p values are based on 100.000 replications. The two-point p values were 
obtained using the two-point upper bound given in the Appendix. 

2. 	 STRATIFIED CHANGEPOINT TESTS FOR THE 
HYPERGEOMETRIC MODEL 

Sometimes the numbers of applicants or employees eli- 
gible for promotion in both groups are known for year i. 
Then, for each year i conditional on the total number of 
hires (promotions), the number of minority hires (promo- 
tions) can be modeled by a hypergeometric random vari- 
able. Because employees in different occupations or at dif- 
ferent qualification levels should only be compared to sim- 
ilar employees, the data should be appropriately stratified. 
In the sth stratum (s  = 1, .. . ,S )  of year i, let nli, and npi, 
denote the number of applicants or eligible employees in 
the two groups. The total number of hires (promotions) is 
denoted by mi,, and the number of minority hires (promo- 
tions) is xi,. Consider the following model, where xi, -
noncentral hypergeometric with Oi, = eo for i = 1,. . . ,k 
and s = 1 , . . . , S and xi, - noncentral hypergeometric with 
Oi, = e-P for i= k + 1! . . . , T and s = 1 , .. . , S .  The like- 
lihood is 

mi, - xis 

where mis- = max(0, nli, + mi, - ni,) and mis+ = 
min(nli,, mi,). Here the null hypothesis Ho: ,3 = 0 cor-
responds to a fair hiring or promotion practice. An alter- 
native hypothesis H I :  ,3 < 0 corresponds to underhiring 
(promoting) in the period [l!k] with change to overhiring 
(promoting) after year k.The efficient score test for testing 
Ho against H1 is 

1991 1992 1993 1994 1995 1996 
Year 

Figure 1. The CUSUM Chart for the Case That Was Settled. 
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Table 3. Number of Employees/Promotions From Valentino K U.S.PS Case 

Time 
period 

Grade 17- 19 

M F 

Grade 20-22 

M F 

Grade 23 -25 

M F 

Grade 26-28 

M F 

Grade 29-3 1 

M F 

NOTE: Key to symbols: F = females: M = males; for any time per~od and grade group, the number of promotions is below the number of employees. For example, in grades 17-19 during the 
0617443175 per~od,67 out of 229 el~gible males were promoted compared to 5 out of 73 elig~ble females. 

Analogs of the test statistics (1.3) and (1.4) are 

k mrsnlzsm i n l < k < ~x , = l  E:=I (X%S -
STlsh = 

T S (2'3)n ~ , ~ n z , ~ m , ~ ( n ~ ~ - m ~ , )
@,=I c,=, n:s (nts-1) 

and 

Again, we combine STlsh and STzsh in STlsh+ STash. The 
generalization of the likelihood ratio test to the hyperge- 
ometric setting is routine and was discussed by Freidlin 
(1998). 

We illustrate the procedures on data from Valentino v. 
U.S.f!S (1982) for which one of the authors (JLG) served 
as plaintiff's expert. The plaintiff filed a charge of sex dis- 
crimination in promotion at the Postal Service after she 
was denied a promotion in mid-1976. The judge certified 
the case as a class action concerning whether women em- 
ployed at the grade 17 and higher were promoted fairly. The 
available data on employees, grouped into strata composed 
of several grades in accordance with the U.S. Civil Ser- 
vice Commission reports, is presented in Table 3. To show 
that the women had received fewer promotions than ex- 
pected until the charge, the plaintiffs presented the Mantel- 
Haenszel analysis (Table 4). The Mantel-Haenszel statistic 
for each time period combines the differences between the 
observed and expected numbers of promotions across all 
the strata. Its standardized form is asymptotically normally 
distributed. For further details and examples, see Agresti 
(1990) and Gastwirth (1988). These results demonstrate that 

Table 4. The Mantel-Haenszel Analys~s of the 

Valentino K U.S.PS Case Data 


Year Observed 

1974-1 975 17 
1975-1 976 12 
1976-1 977 2 1 
1977-1 978 34 
1978-1 979 20 

Expected p value (two-s~ded) 

34 1 ,0006 
21.16 ,020 
20.32 .885 
33.23 ,869 
21.66 ,674 

women did not receive their expected number of promo- 
tions during the two years prior to the charge, but afterward 
they did. The judge did not accept these data as showing 
discrimination because he preferred an occupational rather 
than a grade-level stratification. He did credit a regression 
submitted by the defendant, using grade level as a proxy 
for occupation, as showing that employees were fairly 
paid. 

We now show how changepoint methods provide more 
insight. The CUSUM charts for the data in Table 3 are 
given in Figure 2; they show that first group (levels 17-19) 
dominates the overall statistic, although the CUSUM's of 
third group (levels 23-25) also decline in the early years. 
The p values of the tests are STlsh(.002), STZsh(.Oll), 
STlsh + STzSh(.002), and LR,h(< .001); all are significant 
at the .05 level. 

As in other applications of combination methods, one 
needs to examine the data for homogeneity, especially for a 
qualitative interaction (Gail and Simon 1985). The paucity 
of females in the upper grade levels and the fact that no 
CUSUM chart was above its expected value until after 1976 
indicate that combining the data is appropriate. 

The remaining question is whether the Post Office 
changed it policy before or after the plaintiff was denied 
the promotion. Only half of the actual files for the appli- 

I , I I , 

-

1 - * - -- - - - - - - - - - -

.IO-

3 
t 
% 
2 


'.20-

--30' I I \ 


1974 1975 1976 1977 1978 1979 


Yea' 

F~gure2. Indiv~dual and Stratified CUSUM Charts for Valent~no Data. 
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Table 5. Number of Applicants and Hires 
for EEOC K Joe's Stone Crab, Inc. 

Season 
Female 

applicants 
Female 
hires 

Male 
applicants 

Male 
hires 

NOTE: The data are taken from the report of the defendant's expert who assumed that in the 
eariy years there were about 100 appiicants, 5% of whom were females. Thus, the data for those 
years were imputed. 

cants for promotions made in the period from January 1976 
to the time of the complaint were available, creating the 
possibility of a sample-selection bias because the files were 
not randomly selected for retention. None of the promo- 
tions for which the data were available, however, went to a 
female. 

3. CHOOSING BETWEEN THE BINOMIAL AND 
HYPERGEOMETRIC MODELS 

When reliable data on actual applicants are avail-
able, courts prefer an analysis based on the hypergeo- 
metric model (Baldus and Cole 1980). When applicant 
data is unavailable or unreliable or when the fairness of 
the recruitment process itself is at issue, courts use the 
binomial model, where T is determined from external 
data. 

We illustrate these issues on the data from EEOC v. Joe's 
Stone Crab, Inc. (1997), a case concerning alleged sex dis- 
crimination in the hiring of food servers at a Miami Beach 
restaurant. The EEOC charge was filed in June of 1991. The 
data are given in Table 5. The defendant asserted that an 
applicant flow analysis should be used, but the government 
argued that the applicant data reflected discriminatory 

1986 1987 1988 1989 1990 1991 $992 1993 1994 1995 
Year 

Figure 3. CUSUM Chart for the Hiring Data from EEOC K Joe's 
Stone Crab, Inc. Using the Hypergeometric Model. 

Table 6. The p Values for EEOC K Joe's Stone Crab, Inc. 

Statistic Empirical p value Two-point p value 

Hypergeometric model 

ST1t~ ,062 
ST2h ,163 
ST1h + STzh ,063 
LRh ,024 

Binomial model 

ST1 <.0001 1.7E-13 
ST2 <.oOol 9.5E-11 
ST1 + ST2 <.0001 1 BE-1 3 
LR <.0001 
Z test <.0001 

NOTE: Empirical p values for the hypergeometric and binomial modeis are based on 10,000 
and 100,000replications, respectively. The two-point p values were obtalned using the two-point 
upper bound given in the Appendix. 

recruitment because about 44% of the people employed as 
food servers in the Miami Beach area were female. The 
court ultimately determined the female availability, T ,  to 
be .319. 

The CUSUM chart for the hypergeometric analysis of the 
data in Table 5 (defendant's approach) is given in Figure 3, 
and the test results are given in Table 6. The tests STlh, 
ST2h, and STlh+ ST2h, which are the test statistics given 
in (2.3) and (2.4) when there is only one stratum, are not 
significant at the .05 level. The opinion stated that "Joe's 
historical practice of not hiring women as food servers re- 
sulted in the commensurate reputation"; that is, women did 
not bother applying, so the applicant data reflected the dis- 
criminatory practices at issue. Hence, we analyze the hiring 
data using the binomial model with T = .319.That CUSUM 
chart is given in Figure 4 and the test results in Table 6. All 
of the tests are extremely significant. 

To assess the sensitivity of our inference to the choice 
of T ,  we found the lowest value of T for which ST1 was 
significant, a technique approved of in Capaci v. Katz & 
BesthofS (1983). This was accomplished by testing various 
values of T until a borderline significant result was obtained. 
For the entire period, if T 2 .065, the one-sided p value of 

1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 
Year 

Figure 4. CUSUM Chart for the Hiring Data from EEOC K Joe's 
Stone Crab, Inc. Using the Binomial Model With the Female Availability 
= ,319. 
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ST1 is < .025. If one focuses on the period, 1986-1991, 
when no female was hired, then if n >. .035 the one-sided 
p value of ST1 is < ,025. 

The reason for the apparent discrepancy between the hy-
pergeometric and binomial analyses is that the defendant 
did not recruit females in proportion to their availability. 
To formally test whether females were represented in the 
applicant data in accordance to their share of the relevant 
labor force, we analyzed the applicant data in Table 5 us-
ing the binomial model (n = .319). All the tests gave highly 
significant results, and the CUSUM chart never leveled off. 

4. DISCUSSION 

This article presents CUSUM-based tests having desir-
able power characteristics under the alternative of interest 
in hiring cases. In conjunction with the CUSUM charts, the 
procedures illuminate the basic pattern of the hiring data. 
They enable the fact finder to examine the hiring process 
over time and to determine the time period when the pattern 
remained the same. This information can then be integrated 
with legally relevant time frames. If the original complaint 
was filed during a period of statistically significant under-
hiring before the change to fair hiring occurred, then the 
data are consistent with the plaintiff's claim. If the change 
to fair hiring occurred a legally sufficient amount of time 
(perhaps 180 days or more) before the plaintiff complained, 
then the data indicate that the employer was hiring fairly 
during the relevant time period. 

An advantage of CUSUM methods is that they enable 
one to detect whether a change occurred and, if so, when it 
happened. Tests simply pooling all the data miss the change-
point. Thus, postcharge data may mask substantial under-
hiring in the important period just prior to the charge, or 
data much earlier than the charge might mask fair hiring in 
the period nearer and subsequent to the complaint. 
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APPENDIX: TWO-POINT APPROXIMATIONS 
(UPPER BOUNDS) FOR THE P VALUES 

Let S1,. . . ,STbe statistics (possibly correlated). The min-
imum statistic is defined as Smin = min(S1, . . . ,ST). Con-
sider the problem of estimating P(S,in I C), where C < 0. 
Define Ek = (5'1, I C) and EI, = {Sk > C). Then 
P(S,in < C) can be expressed as 

Commonly used Bonferonni bound is based on 

It ignores the correlation structure of the statistics 
S1,. . . ,ST.Because ElE2. . . E ~ - ~E~c E ~ - ~Ekc Ek,by 
replacing P ( E ~ E ~ .. . E k - l ~ k )with P ( E ~ - ~ E ~ )instead of 
P (Ek) ,an improved "two-point" upper bound is obtained 
(Worsley 1985; Efron 1997): 

The advantage of (A.3) over (A.2) is especially appar-
ent when statistics Sk are strongly autocorrelated; that is, 
~ o r r ( S ~ - ~ ,Sk)is high. This is to be expected in the case of 
the proposed CUSUM-based tests. 

Let us assume that xi for i = 1,. . . , T are binomial ran-
dom variable with parameters (ni,n). The following nota-
tion is used in the derivations: 

Nk = Cfz1ni, N; = E:=,+~ ni, yk = c:=~ ~ j ,and 
T 

Y; = Cj=k+l X j .  
B(n,u) denotes the probability that a binomial ran-
dom variable with parameters (n,n)  is less than or 
equal to u. 
B,(n, u) denotes the probability that a binomial ran-
dom variable with parameters (n,n)  is equal to u. 
H(nl ,n2, m, u) denotes the probability that a hyperge-
ometric random variable with parameters (nl ,n2,m) 
is less than or equal to u. 

1. For ST1, 
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2. For ST2, 3. For ST1+ ST2, we can write 

Thus the approximation of the significance level can be 
done in a way similar to ST2. 

[Received August 1998. Revised September 1999.1 
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